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Abstract
In this paper, we prove the existence of a common fixed point in C(K), the
Chebyshev center of K, for a left reversible semigroup of isometry mappings.
This existence result improves the results obtained by Lim et al. and Brodskii
and Milman.
1 Introduction
Let K be a nonempty weakly compact convex set in a Banach space X . A map
T : K → X is said to be isometry if d(Tx, Ty) = d(x, y) for all x, y ∈ K. The notion
of normal structure, which is introduced in [1], is defined as follows:
Definition 1.1 [1, 5] A nonempty bounded convex set K in a Banach space X is
said to have normal structure if for every nonempty convex set C ⊆ K with δ(C) > 0
has a point x ∈ C such that r(x, C) < δ(C), where r(x, C) = sup{‖x − y‖ : y ∈ C}
and δ(C) = sup{‖z − y‖ : z, y ∈ C}.
Define r(K) = inf{r(x,K) : x ∈ K} and C(K) = {x ∈ K : r(x,K) = r(K)}.
Then the set C(K) and the number r(K) are called, respectively, the set of Chebyshev
center of K and the Chebyshev radius of K.
The notion of UKK–norm is defined as follows:
Definition 1.2 [3, 5] A Banach space X is said to have uniformly Kadec-Klee (UKK)
norm if and only if for any ǫ > 0, there exists δ > 0 such that
{xn} ⊆ B[0, 1], xn converges weakly to x0, and
sep{xn} := inf{‖xn − xm‖ : n 6= m} > ǫ,
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imply that
‖x0‖ ≤ 1− δ.
Definition 1.3 [2, 13] A semigroup S is called left reversible if for every pair of
elements a, b ∈ S, there exists a pair c, d ∈ S such that ac = bd.
Now, we state the basic common fixed point theorem for left reversible semigroup
of nonexpansive maps.
Theorem 1.1 [13] Let K be a nonempty compact convex set in a Banach space and
F be a left reversible semigroup of nonexpansive self-maps on K. Then K contains a
common fixed point of F.
Theorem 1.2 [10] Let K be a nonempty weakly compact convex set in a Banach
space X and assume that K has normal structure. Let S be a left reversible topological
semigroup of nonexpansive, separately continuous actions on K. Then K contains a
common fixed point for S.
For the recent advancements in existence of common fixed points for various semi-
groups, one can refer to [7, 8, 9] and the reference therein.
The study of existence of fixed points in C(K) is initiated by Brodskii and Milman
[1]. In fact, Brodskii and Milman proved:
Theorem 1.3 [1] Let K be a nonempty weakly compact convex subset of a Banach
space X and F = {T : K → K : T is a surjective isometry mapping}. Assume that K
has normal structure, then there exists x ∈ C(K) such that Tx = x for every T ∈ F.
Motivated by this result (Theorem 1.3) of Brodskii and Milman and the fact
T (C(K)) = C(K) whenever T is a surjective isometry on K, Lim et al. raised the
following questions in [11]:
Question 1. Let T be an isometry on K which is not surjective. Does one still have
T (C(K)) ⊆ C(K) ?
Question 2. Let K be a weakly compact convex subset in a Banach space X and
assume that K has normal structure. Does there exist a point in C(K) which is fixed
by every isometry from K into K ?
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In case of uniformly convex Banach spaces, Lim et al. [11] affirmatively answered
the above questions. Also, Lim et al. [11] established the next result:
Theorem 1.4 [11] Let K be a nonempty weakly compact convex set in a Banach
space X and T be an isometry from K into K. Assume that K has normal structure.
Then T has a fixed point in C(K).
In the setting of strictly convex Banach spaces, the authors in [14] proved:
Theorem 1.5 [14] Let K be a nonempty weakly compact convex set K having normal
structure in a strictly convex Banach space X and F be a commuting family of isometry
self-mappings on K. Then F has a common fixed point in the set of Chebyshev center,
C(K), of K.
Moreover, the authors in [15] showed that the set of all Chebyshev center C(K)
need not be invariant under isometry mappings.
In this paper, we prove that if K is a nonempty weakly compact convex set in a
Banach space X and F is a left reversible semigroup of isometry mappings on K such
that every sub-semigroup of F is also left reversible, then there exists a point x0 in
C(K), the set of Chebyshev center of K, such that Tx0 = x0 for all T ∈ F, whenever
either X has UKK–norm or X is strictly convex and K has normal structure.
2 Common fixed point theorems
Now, we state an interesting fact about isometry mappings on compact sets in metric
spaces.
Theorem 2.1 [6] Let K be a nonempty compact set in a metric space and T : K → K
be an isometry map. Then T (K) = K.
Proof Suppose T (K) $ K. Then there exists y ∈ K such that T n(y) /∈ T n+1(K) for
n = 0, 1, 2, ..., where T 0(y) = y. Since T (K) is compact and y /∈ T (K), there exists
z ∈ T (K) such that d(y, z) = dist(y, T (K)), where dist(y, T (K)) = inf{d(y, x) : x ∈
T (K)}.
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Also, it is easy to see that dist(T n(y), T n+1(K)) = dist(y, T (K)), for all n ∈ N.
Hence dist(T n(y), T n+1(K)) = d(y, z), for all n ∈ N.
Since {T n(y)} is a sequence in the compact set K, {T n(y)} has a convergent
subsequence, say {T nk(y)}. Suppose that {T nk(y)} converges to y0 ∈ K. Note that
T n(K) ⊆ T n−1(K), for n ∈ N and {T n+1(y)} ⊆ T n(K) for all n ∈ N. Hence y0 ∈
⋂
n∈N T
n(K).
As y0 ∈ T
n(K) for n ∈ N, d(T n(y), y0) ≥ dist(T n(y), T n+1(K)) = d(y, z). Hence
limk→∞ d(T
nk(y), y0) ≥ d(y, z) > 0. But the sequence {d(T
nk(y), y0)} converges to
d(y0, y0) = 0. This contradiction shows that T (K) = K. 
Theorem 2.2 Let K be a nonempty compact convex set in a Banach space X and
F be a family of isometry self-maps on K. Then there exists x0 ∈ C(K) such that
Tx0 = x0 for all T ∈ F.
Proof Note that K has normal structure, as K is a compact convex set. Also, it
follows from Theorem 2.1 that T (K) = K for all T ∈ F. Hence, by Theorem 1.3,
there exists x0 ∈ C(K) such that Tx0 = x0, for all T ∈ F. 
Theorem 2.3 Let K be a nonempty weakly compact convex set in a Banach space
X with a UKK–norm. Let F be a left reversible topological semigroup of isometry,
separately continuous actions on K. Assume that every sub-semigroup of F is also left
reversible. Then the Chebyshev center of K, C(K), contains a common fixed point of
F.
Proof It follows from Theorem 1.4 that every map in F has a fixed point in C(K).
Let FT = {x ∈ C(K) : Tx = x} for T ∈ F. It is known [3, 5] that if X has a
UKK–norm, then C(K) is a nonempty compact subset of K. Hence it is enough to
prove that the family S = {FT : T ∈ F} has the finite intersection property.
Now, consider a finite subfamily {T1, T2, ...Tm} of F. Take m = 3, the same proof
will go through for any m ≥ 4. Let n ≥ 3 and σ ∈ Sn, where Sn is the permutation
group.
Set Tσ(j) = Tl if σ(j) ≡ l(mod 3) and T
σ = Tσ(1) ◦Tσ(2) ◦ ... ◦Tσ(n). For n ≥ m = 3,
define Wn = co(
⋂
σ∈Sn
T σ(K)). As F is left reversible, Wn is nonempty for all n ≥ 3.
As for l = 1, 2, 3, Tl(K) ⊆ K, we have Wn+1 ⊆ Wn for n ≥ 3.
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Define K0 be the set of asymptotic center of {Wn : n ∈ N} with respect to K,
where W1 = K = W2.
It is claimed that Tl(K0) ⊆ K0 for l = 1, 2, 3. Set Vn+1,l = co(
⋂
σ∈Sn
Tl ◦ T
σ(K)),
for l = 1, 2, 3. Note that Wn+1 ⊆ Vn+1,l, for n ≥ 3.
Let x ∈ K0. Then
δ(Tl(x),Wn+1) ≤ δ(Tl(x), Vn+1,l) = δ(x,Wn), for n ≥ 3.
Hence r(Tl(x)) = inf δ(Tl(x),Wn) ≤ r(x), for all x ∈ K0. This implies that Tl(K0) ⊆
K0, for l = 1, 2, 3 and consequently T (K0) ⊆ K0 for all T in the semigroup F0
generated by {T1, T2, T3}. Therefore, by Theorem 1.2, the semigroup F0 has a common
fixed point in K0. Let x0 ∈ K0 be a common fixed point of F0. Now note that for
n ≥ 3
δ(x0, T
σ(K)) = δ(x0, K), for all σ ∈ Sn.
Hence δ(x0,Wn) ≤ δ(x0, K) for all n ∈ N.
Also, note that as every sub-semigruop of F is left reversible, there is a Sn ∈ F0
such that T σ0 ◦ Sn(K) ⊆Wn, where σ0 is the identity permutation in Sn. Since x0 is
a common fixed point of F0, we have
‖x0 − T
σ0 ◦ SN(y)‖ = ‖x0 − y‖, for all y ∈ K.
Therefore
δ(x0, K) = δ(x0, T
σ0 ◦ SN(K)) ≤ δ(x0,WN), for all n.
Hence r(x0) = δ(x0, K) ≤ r(y) ≤ δ(y,K), for all y ∈ K, as x0 ∈ K0. Consequently,
the family {T1, T2, T3} has a common fixed in C(K). This proves that the family S
has the finite intersection property. Therefore, the left reversible semigroup F has a
common fixed point in C(K). 
Remark 2.1 It is known [12, page-516] that a subgroup of an amenable group is
amenable. Also, note that [4, 13] every left amenable semigroup is left reversible.
Therefore, there are left reversible semigroups in which every sub-semigroup is also
left reversible.
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Theorem 2.4 Let K be a nonempty weakly compact convex set having normal struc-
ture in a strictly convex Banach space X. Let F be a left reversible topological
semigroup of isometry, separately continuous actions on K. Assume that every sub-
semigroup of F is also left reversible. Then the Chebyshev center C(K) contains a
common fixed point of F.
Proof Note that FT = {x ∈ C(K) : Tx = x} is a non-empty closed convex subset of
C(K), whenever T is an isometry on K as X is strictly convex. Hence it is enough
to prove that the family S = {FT : T ∈ F} has the finite intersection property.
Consider a finite subset {T1, T2, ..., Tm} of F. Take m = 3. DefineWn and K0 as in
Theorem 2.3. It is easy to see by the arguments in Theorem 2.3 that K0 is invariant
under every member T in the semigroup F0 generated by {T1, T2, T3}.
Now, by Theorem 1.2K0 contains a common fixed point of F0. Let x0 be a common
fixed point of F0. Then x0 is a common fixed point of {T1, T2, T3} and
δ(x0, T
σ(K)) = δ(x0, K), for all σ in the permutation group Sn.
Hence δ(x0,Wn) ≤ δ(x0, K) for all n ≥ 3. Now, by using the hypothesis that every
sub-semigroup of F is also left reversible, it can be seen, by using arguments in The-
orem 2.3, that r(x0) = inf δ(x0,Wn) = δ(x0, K). But r(x0) ≤ r(y) ≤ δ(y,K), for
all y ∈ K, as x0 ∈ K0. This implies that x0 ∈ C(K) and consequently the family
{T1, T2, T3} has a common fixed in C(K). Therefore the family S has the finite inter-
section property. This shows that the left reversible semigroup F has a common fixed
point in C(K). 
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